
iEquations



Suppose you have a first-order

equation of the form

M(x
,y) + N(x,y)

. y = 0

And further suppose
there exists a

function f(x ,y)
where

E = M(x ,Y) and ( = N(x ,2)
-Y

Then we have
that

M(x(y) + N(x ,y)
y = 0

Ibecomes Math 2130
-

+ = 8 f (1) tio
&

which is equivalent to ] y = y(x) i tionof x

df

x
= 0 i

So for example

the family of curves



f (x ,y) = c where < is a constant

will then
satisfyC = 0 and

hence f(x ,y) = c will give

an implicit solution
to the ODE.

S ummary
-

If = M(X ,) and E =N(x ,7)

then the
family j f

curves[f(x ,y) = c tant will
cuns

where C is any
to

-

give Implicit so lutions

N(x ,y): y = 8

M(x ,y) +

When the above
conditions are

call M(x ,3) + N(x ,y) y
= 0

Satisfied then we

an exact equation.
-



Ex: Consider the equation

2xy + (x- 1) y = 0
mu -

M(x,7) N(x,y) We will see

Let fixiel = xy-y.this later
Then,

↳ = 2xy = M(x ,
y)

2f
= xz- 1 = N(x ,Y)-

-Y

Thus , the
equation

x y
- y
= c

gives
an
implicit solution

to

2xy +
(x - y = 0 .

In this case
we

can
actually solve

of X and we get

for y in
terms

We get y=



Let's verify that this
works .

We have
- I

y = x = c(x
= 1)

- 2x
C

2

y =
-
c(x

= 1)(2x) = E

Plugging
these into

2xy + (x- 1) y = 0

we get

2x(z) + (x1)(i)
= 0

So we
did indeed find

a
solution .



How do we know if we have

an eXact equation
?

Tem : Let M(x ,y) and
N(X ,1)

continuous and
have continuous

ne
in some

first partial
derivatives

rectangle R
defined by

Ed
a <xb

and Y7I
I

M(x ,y) + N(x ,
y) y= 0

f

Then

is exact it
and only &

2N
= -
xY

& X-



E: With the previous equation

2xy + (x- 1) y = 0
- -

M(x ,Y) N(x ,y)

we have
that M

and N are continuous

everywhere
and

exist and

2M I 2y 23 are continuous
-
2X

M = 2x

3 everywhere
IN I 2x = 0

24

Note that 2N

E = 2x = IX
87

know that
So We

2xy + (x 1y=
0

is exact .

find the
f above ?

How did
I

Let's see how

f where
We need

an



↳ = 2xy Q
2x⑪of-2]

Let's use equation
O first .

Integrate
27
= 2x)
-

2 Y

with respect to
x to get

- g is
constant whW

f(x ,y)
= x2 y + g(y) respect to X

Then ,
differentiate

with respect to y to get

E =
x + g'(y)

Thus ,
by equation

② we get

xi- 1 = x+
g(y) .

dont
you&need a constantSo , g'(y)

= -1.
tion here

-
of integra will

thus , g(y)
=
- y because

be
set f to
equal to a constant



Therefore,

f(x ,y) = x2y
+ g(y)

= x2y - y

This gives
us that a

solution to

the ODE is given
implicitly by

x y - y
= C

- is a
contant.

where



Below I put a proof of

the main theorem
in this#topic . It's mainly for me

S interested ,

But if youre

See below.



·
Xy-plane and that

M and N are continuous

for all (x ,y) and
so are their partial

derivatives.

#)D First suppose that M + Nyl
= 0 is exact .

Then there exists
f where = M and E = N.

Then ,=Ext= = S

2X

Clairantsthin applied to My and NX)



#) Suppose now that . We will

show that this implies that M + Ny
= o

is exact .

Since M is continuous
we can

define

f(x,y)= SM(x ,y(dx
+ g(y)(*)

function of 4.
where g is any

He we get thatM

We want
to now find gly)

where

N =
= (M(x ,y)dx + y(y)

We will
need

y'(y) = N
- ESM(x ,y)dx

To do this we can show that the
RHS

is just a function
of y and hence we

can integrate it with
respect to y to get

gly).

We have that

* (N- (M(x ,y1dx)
=

= - (M(x ,y)dx



= - (M(x,y)dx

=
-M

IN_I
I

-X by·
Thus, such a gly)

exists .

And

f(x,y) = SM(x ,y(dx + S(N(x,y)
- (M(x ,y)dx)dy

will satisfy = M and =N

#


